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Abstract. Recently, Bruinier and Ono proved that the coefficients of certain 
weight —1/2 harmonic weak Maafi forms are given as "traces" of singular mod- 
uli for harmonic weak Maafi forms. Here, we prove that similar results hold for the 
coefficients of harmonic weak Maafi forms of weight 3/2 + k, k even, and weight 
1/2 — k, k odd, by extending the theta lift of Bruinier-Funke and Bruinier-Ono. 
Moreover, we generalize these results to include twisted traces of singular mod- 
uli using earlier work of the author and Ehlen on the twisted Bruinier-Funke- lift. 
Employing a duality result between weight k and 2 — k, we are able to cover all 
half-integral weights. We also show that the non-holomorphic part of the theta lift 
in weight 1/2 — k, k odd, is connected to the vanishing of the special value of the 
L-function of a certain derivative of the lifted function. 



1. Introduction and statement of results 

A classical result states that the values of the modular j-invariant at quadratic 
irrationalities, called "singular moduli" , are algebraic integers. Zagier [Zag02] showed 



that the (twisted) traces of these values occur as the Fourier coefficients of weakly 
holomorphic modular forms of weight 3/2. These are meromorphic modular forms 
that are holomorphic on the upper half-plane M. := {z e C; ^s(z) > 0}, with possible 
poles at the cusps. 

Zagier's results were generalized in various directions, mostly for modular curves of 
genus |B( )071 [DJMl IKimOQl IMPIO] . Building upon previous work of Funke [Fun02| 
Bruinier and Funke [BF06J showed that Zagier's result on the traces of the j-function 
can be obtained as a special case of a theta lift using a kernel function constructed 
by Kudla and Millson [KM86j . The lift of Bruinier and Funke maps a harmonic weak 
Maafi form F of weight on a modular curve of arbitrary genus to a form A(r, F) 
of weight 3/2. The Fourier coefficients of positive index of A(t,F) are given by the 
traces of the CM- values of F [BF06, Theorem 7.8]. In [AE] a twisted version of 
Bruinier's and Funke's theta lift was considered. 

Recently, Bruinier and Ono |BO] obtained a result similar to that of Bruinier and 
Funke for the coefficients of weight —1/2 harmonic Maafi forms. Using the Maafi 
raising and lowering operators they modified the theta lift of Bruinier and Funke 
such that it lifts from weight —2 to weight —1/2. In this way, they obtained a closed 
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formula for the partition function p(n) in terms of traces of the CM-values of the 
derivative of a weakly holomorphic modular form F of weight —2 on r (6). Moreover, 
they showed that these values are algebraic with explicitly bounded denominators. 

Here, we generalize their construction in two ways. Firstly, we extend the lift to 
other weights (as suggested by Bruinier and Ono) and secondly, we include twisted 
traces. 

To make these results more precise we briefly introduce harmonic weak Maafi forms 
and quadratic forms. Throughout the introduction N is a square-free positive integer. 

Let k be an integer. A twice continuously differentiable function / : EI — > C is 
called a harmonic weak Maafi form of weight k with respect to T (N) if it satisfies 

(1) /( 7 r) = (cr + d) k f{r), for 7 G F (N), 

(2) A fc / = 0, 

(3) there is a polynomial Pf{r) = ^2 n<0 c + (n)q n e Q^^ 1 ] sucn that /(r) — 
Pf(r) — > as v — > oo. Similar conditions are required at all cusps. 

Here, we write r = u + iv with u, v G R, and A& = — v 2 (j^ + J^J + ikv (J^ + i J^) 

is the weight k Laplace operator. 

The space of harmonic Maafi forms includes the spaces of (weakly) holomorphic 
modular forms and cusp forms. We will also define vector valued analogs of these 
spaces. In this case, we require a transformation property with respect to the meta- 
plectic group (see Section 12 .2 j) . Moreover, we define forms of half-integral weight, 
then requiring that 4\N. Throughout the introduction we only consider harmonic 
weak Maafi forms satisfying a strong growth condition at the cusps, whereas we will 
later allow weaker growth conditions. 

The Fourier expansion at oo of any harmonic weak Maafi form uniquely decomposes 
into a holomorphic and a non-holomorphic part |BF04l Section 3] 

f(r)= c + Hg" + ^c-Hr(l-A;,47r|n| V )g", 

n~3>— oo n<0 

where T(a,x) denotes the incomplete T-function and q := e 27rlr . 

For a negative discriminant D and an integer r with r 2 = D (mod 4iV), we denote 
by Qfl, r ,Af the set of positive and negative definite integral binary quadratic forms 
Q = [a,b,c\ of discriminant D = b 2 — 4ac with N\c and b = r (mod 2N). Then we 
let «q = b ^f^ be the Heegner point corresponding to Q = [a,b,c] G Qd,t,n- The 
group r (iV) acts on Qd,t,n with finitely many orbits. 

We let A be a fundamental discriminant and r G 7L with r 2 = A (mod 47V). 
Moreover, let d be a positive integer such that — sgn(A)<i is a square modulo 4N and 
let h G Z/2iVZ (this index will determine the component of a vector valued form). 
For a harmonic Maafi form / of weight —2k for To(iV) we put Of := R k _ 2 kf , where 
R k _2k — R-2 o • • • o R_2k and ■= 2iS- + kv~ x is the Maafi raising operator. We 



3 



define the modular trace function 

Qer (N)\Q-d\A\,rh,N 



t A , r (f;d,h)= Yl nwx«/(oo)- 



Here Tq denotes the stabilizer of Q in Tq(N), the image of To(N) in PSL^Z). The 
function \a is a genus character, which will be defined in Section 12.31 For A = 1 we 
have Xa(Q) = 1 for all Q G Q-d\A\,rh,N- 

Defining a theta lift using a twisted Kudla-Millson theta function we can then 
generalize the results of Bruinier and Funke [BFQ6] and Bruinier and Ono [BOJ. 

Theorem 1.1. Assume the notation as above and let f be a harmonic weak Maafi 
form of weight —2k for T (N). 

(1) For even k there is a vector valued weakly holomorphic modular form of weight 
3/2 + k such that its (d, h)-th Fourier coefficient is given by 

(-4nd) k /H A , r (f-d, h). 

(2) For odd k there is a vector valued harmonic weak Maafi form of weight 1/2 — k 
such that its (d, h)-th Fourier coefficient is given by 

, j s(M-l)/2<*-l)/2 -j. . , . 

\m) II Jw(/;<U)- 

This form is weakly holomorphic if and only if f is weakly holomorphic or if 

the twisted L-function of £,-2k(f) '■= 2if~ 2fc ^/ = Y^n=i a ^-2k(f)( n )l n vanishes 
at k + 1, that is 

L{t- n {f), A, k + l) = jr(-) H_ 2kU) {n)n-^ = 0. 

n=l \ n ' 

Remark. Note that the transformation properties of the vector valued form depend 
on the sign of A (see Corollary 14.41) . 

Remark. The theorem sheds new light on nonvanishing conditions for the twisted 
central L-values. Goldfeld |Gol79j conjectured that a positive proportion of discrim- 
inants < |A| < X have the property that L(£_2fc(/), A, k + 1) ^ (where the 
notation is as in Theorem 11.11) . Note that is surjective [BF041 Theorem 3.7]. It 
was shown by Ono and Skinner {OS98] that 

# {| A| < X; L(e- 2fc (/), A, k + 1) ^ and gcd(A, N) = 1} > A 



logX 

This result was later improved by Ono in [OnoOlj. 
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Similarly to the formula Brainier and Ono get for the partition function p(n) \BO\ 
Theorem 1.1], whose generating function is essentially the reciprocal of Dedekind's 
77-function, we obtain a formula in terms of traces of a weight —26 function F for 
the coefficients of (see Section I77T]) . Note, however, that we do not obtain the 

algebraicity of the CM-values of F since this function is not weakly holomorphic 
(compare Theorem 11.21) . 

Example. We consider — g~ 25//24 rj^Li(l ~~ <?")~ 25 - For n > the coefficient of 

index 24 ^~ 1 of this function is given by 

185725 / 1 y 
~ 4429185024tt 13 \2An - 1 J 

x (t M (F; 2An -1,1)+ t hl (F; 24n - 1, 1)) , 

where F and F are harmonic weak MaaB forms of weight —26 given by a linear 
combination of Poincare series defined in Section 17.11 Note that even though F and 
F are not weakly holomorphic, the sum of these traces is an integer (up to a constant). 

Remark. Given a scalar valued form one has to realize it as the component of a 
vector valued harmonic weak MaaB form to be able to obtain a formula as above 
for its coefficients. Here, the vector valued form has to transform with respect to a 
certain Weil representation as in Section I2T21 For a detailed discussion of this problem 
see a recent preprint of Fredrik Stromberg |Str] . If the corresponding vector valued 
form is known, one can construct the input function using Poincare series. 

Moreover, using work of Bruinier and Ono |BO^ Section 4], we bound the denomi- 
nators of the singular moduli. 

Theorem 1.2. Assume that the weakly holomorphic modular form f of weight —2k 
for Tq(N) has integral coefficients at all cusps. Let D > be coprime to 2N and 
r e Z with r 2 = D (mod AN). If Q G Qd,t,n is primitive and positive definite, 
then 3 k D k (^) k R k _ 2k f(aQ) is an algebraic integer in the ring class field for the order 
Od C Q(— \/D). The multiset of values R k _ 2k f{ciQ) is a union of Galois orbits. 

Remark. Note that these results generalize works of Duke and Jenkins [DJ08] and 
Miller and Pixton |MP10] . We also obt ain the results in Section 9 of |Zag02| as a 
special case. 

We let k = 3/2 + k, if k is odd, and k = 1/2 — k, if k is even. Using a duality result 
we also realize the Fourier coefficients of harmonic weak MaaB forms of weight k as 
traces of CM-values of weight —2k harmonic weak MaaB forms. 

Theorem 1.3. We let F be a harmonic weak Maafi form of weight k and A, d, r as 
before. We denote the (d, h)-th Fourier coefficient of the holomorphic part by cp(d, h). 
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Moreover, let f e M!_ 2k (N), such that the lift of f is weakly holomorphic. We denote 
the coefficients of the principal part of the theta lift by a~j^(d, h). Then we have 

E E c£(-d,h)t A:r (f;d,h) 

h&Z/2NZ d>0 

d=sgn(A)/i 2 /47V (Z) 

= - E E c + F {N\A\d\h)a + K {-N\A\d\h). 

he1/2N1 d>0 

-N\ A|d 2 =sgn(A)h 2 /4A r (Z) 

The theorem follows from the fact that the theta lift is orthogonal to cusp forms (see 
Section E]). The well-known pairing between weight k and 2 — k forms introduced by 
Bruinier and Funke [ BF041 Proposition 3.5] directly implies the formula in Theorem 

Example. We let f(q) be Ramanujan's mock theta function 

oo n 2 OO 

^ (1 + g) (1 + g 2 ) + ^ 

Let -F(z) be the weakly holomorphic modular function for To (6) defined by 

1 E 4 (^)+ 4^(2^-9^(3^-36^(6^) , _ 
1 j 40 r/(2) 2 r/(2z) 2 r7(3^) 2 r/(62) 2 y y 

where £m(z) is the usual weight 4 Eisenstein series. For a fundamental discriminant 
A < with A = 1 (mod 24) we then have 

af (^24^) = "^^ (tA ' l(F; tA ' l(F; h 5) 

+ t Ail (F;l,7)-t Ail (F;l,ll)). 

Since F is weakly holomorphic, it follows by classical results that the values F(olq) 
as Q ranges over Qa,i,6 are algebraic numbers. 

The paper is organized as follows. In Section [2] we review background material on 
quadratic spaces and (vector valued) automorphic forms. Moreover, we review the 
strategy for twisting vector valued automorphic forms as developed in [AEj . Then 
we define differential operators on spaces of automorphic forms and Poincare series. 
The twisted Kudla-Millson and Siegel theta function are defined in Section [31 In 
Section H] we then define the theta lift and compute the lift on Poincare series and the 
coefficients of positive index of the holomorphic part of the lift. Then we show that 
the lift is orthogonal to cusp forms which essentially implies Theorem 11.31 Theorem 
11.21 is proven in Section El The two examples of the introduction are then derived in 
detail in the last section. 
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2. Preliminaries 

For a positive integer N we consider the rational quadratic space of signature (1, 2) 
given by 

^ = _ A I 1 );A„A 2 ,A 3 eQ} 

and the quadratic form Q(X) := TVdet(A). The associated bilinear form is (A,//) = 
-JVtr(A/i) for \,/j,eV. 

We let G = Spin(y) ~ SL 2 , viewed as an algebraic group over Q and write T for 
its image in SO(V) ~ PSL 2 . By D we denote the associated symmetric space. It can 
be realized as the Grassmannian of lines in V(M) on which the quadratic form Q is 
positive definite, 

D ~ {z C V(R); dimz = 1 and Q\ z > 0} . 
Then the group SL 2 (Q) acts on V by conjugation 

g.V := gXg' 1 , 

for A E V and g e SL 2 (Q). In particular, G(Q) ~ SL 2 (Q). 

We identify the symmetric space D with the complex upper half-plane EI in the 
usual way, and obtain an isomorphism between EI and D by 

z I— > R\(z), 

where, for z = x + iy, we pick as a generator for the associated positive line 

The group G acts on EI by linear fractional transformations and the isomorphism 
above is G-equivariant. Note that Q (X(z)) = 1 and g.X(z) = \{gz) for g e G(R). 
Let (A, A) 2 = (A, \(z)) 2 — (A, A). This is the minimal majorant of (•, •) associated with 
zeD. 

We can view r (iV) as a discrete subgroup of Spin(V) and we write M = T (N)\D 
for the attached locally symmetric space. 

We identify the set of isotropic lines Iso(V) in V{Q) with P 1 {Q) = QU {oo} via 

i> : P\Q) ->Iso(V), :/?)) = span 
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The map if) is a bijection and if>(g(a : /?)) = g.if){(a : /3)). Thus, the cusps of M (i.e. 
the r (iV)-classes of P 1 (Q)) can be identified with the r (iV)-classes of lso(V). 

If we set := ip(oo), then is spanned by Aoo = ( [j J). For £ G Iso(V) we pick 
Oi G SL 2 (Z) such that cr^oo = I. By we denote the width of the cusp £. 

Heegner points are given as follows. For A G V(Q) with Q(X) > we let 

D\ = span(A) G D. 
For Q(X) < we set D x = 0. We denote the image of D x in M by Z(X). 

2.1. A lattice related to r (N). Following Bruinier and Ono jBUlOl IB~U] . we 
consider the lattice 

The dual lattice corresponding to the bilinear form (•, •) is given by 

We identify the discriminant group L'/L =: T> with Z/2iVZ, together with the Q/Z 
valued quadratic form x h- \ —x 2 /AN. The level of L is 4iV. 

For a fundamental discriminant A G Z we will consider the rescaled lattice AL 
together with the quadratic form Qa(A) := The corresponding bilinear form is 

then given by (•, -)a — Tat(') ')■ The dual lattice of AL with respect to (•, -)a is equal 
to V . We denote the discriminant group L' /AL by T>(A). 
For m G Q and h G T>, we let 

L h ,m = {AG L + h; Q(X) = m} . 

By reduction theory, if m ^ the group r (iV) acts on L h ^ m with finitely many orbits. 

We will also consider the one-dimensional lattice K = Z ( J _°i ) C L. We have 
L = K + U + W where i and are the primitive isotropic vectors 

1/N\ f ( 

v o o y ' ^-10 

Then K'/K ~ L'/L. 

2.2. The Weil representation and vector valued automorphic forms. By 

Mp 2 (Z) we denote the integral metaplectic group. It consists of pairs (7,0), where 
7 = (" b d ) G SL 2 (Z) and : EI — > C is a holomorphic function with 2 (r) = cr + d. 
The group f = Mp 2 (Z) is generated by S = (( ° Tj 1 ) , y/r) and T = (( \ \ ) , 1). We let 
Too := (T) C T. We consider the Weil representation of Mp 2 (Z) corresponding to 
the discriminant group P(A) on the group ring C[P(A)], equipped with the standard 
scalar product (•, •), conjugate-linear in the second variable. We simply write p for 

Pi- 
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Let e(ma) := e 2nm . We write z$ for the standard basis element of C[X>(A)] corre- 
sponding to 5 G T>(A). The action of pa on basis vectors of C[X?(A)] is given by the 
following formulas for the generators S and T of Mp 2 (Z) 

Pa(T)z s = e(Q A (S))t s , 

and 

V l^l A Jl 5' 627(A) 

Let k G |Z, and let A fciPA be the vector space of functions / : H — > CfD(A)], such 
that for (7,0) G Mp 2 (Z) we have 

/( 7 r) = 0(r) 2fc P A(7,0)/(r). 

A twice continuously differentiable function / G ^4fe, PA is called a (harmonic) weak 
Maafi form of weight k with respect to the representation pa if it satisfies in addition: 

(1) A,/ = 0, 

(2) there is a C > such that /(r) = 0(e c ' 1; ) as t> — >■ 00. 

Here, we write r = u + iv with m,d6 1, and A k = —v 2 (j^ + J^-J + z/o> (J^ + i J^) 

is the weight k Laplace operator. We denote the space of such functions by H kpA . 
Moreover, we let H£ be the subspace of functions in H k;PA whose singularity at 00 
is locally given by the pole of a meromorphic function. By M k pA C we denote 

the subspace of weakly holomorphic modular forms. 

Similarly, we can define scalar valued analogs of these spaces of automorphic forms. 
In this case, we require analogous conditions at all cusps of T (N) in (ii). We denote 
these spaces by H+(N) and M[{N). 

Note that the Fourier expansion of any harmonic weak MaaB form uniquely de- 
composes into a holomorphic and a non-holomorphic part |BF04l Section 3] 

heL'/L neQ 

n2>— 00 

f-= J2 ^c-{n,h)T(l-k,A^\n\v)q n t h , 

heL'/L neQ 

where T(a,x) denotes the incomplete T- function. The first summand is called the 
holomorphic part of /, the second one the non-holomorphic part. 



2.3. Twisting vector valued modular forms. We define a generalized genus char- 

. 1 

nant and r G Z such that A = r 2 (mod 4iV). 



acter for 5 = ( b ^ _ 6 "4tv ) ^ L' . From now on let A G Z be a fundamental discrimi- 
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Then 

{(f) , if A\b 2 - ANac and (b 2 - ANac) /A is a 
square mod AN and gcd(a, b, c, A) = 1, 
0, otherwise. 

Here, [a, 6, Nc] is the integral binary quadratic form corresponding to 5, and n is any 
integer prime to A represented by [a, b, Nc}. 

The function xa is invariant under the action of r (iV) and under the action of 
all Atkin-Lehner involutions. It can be computed by the following formula [GKZ87, 
Section 1.2, Proposition 1]: If A = A X A 2 is a factorization of A into discriminants 
and N = NiN 2 is a factorization of N into positive factors such that (Ai,AT 1 a) = 
(A 2 ,iV 2 c) = 1, then 

XA([a,b, Nc]) = ' ' 



NxaJ \N 2 c / 

If no such factorizations of A and N exist, we have Xa([g> b, Nc]) = 0. 

Since Xa(#) depends only on 5 G V modulo AL, we can view it as a function on 
the discriminant group T>(A). 

In |AE] it was shown that we obtain an intertwiner of the Weil representations 
corresponding to T> and T>(A) via xa- 

Proposition 2.1 (Proposition 3.2. |AE] ). We denote by n : T>(A) — > T> the canonical 
projection. For h &T>, we define 

(2.1) ipA,r{ z h) ■= Xa{S)z S - 

<5eX>(A) 
ir(&)=rh 
Q A (S)=sgn(A)Q(h) (1) 

Then ip/\,r '■ *D T^{A) defines an intertwining linear map between the representations 
p and pA; where 

'p ^/A>0, 
p ifA<0. 



P 



Remark. For a function / 6 ^4fc, PA this directly implies that the function g : H — y C[D], 
9 = Y.hav9hth with g h := (ip&, r (th), f), is contained in A k $. 

2.A. Differential Operators. We define the MaaB lowering and raising operator by 

d d 
Lk = —2iv 2 — and R k = 2i— — h kv" 1 . 

or or 

The lowering operator L k takes automorphic forms of weight k to automorphic forms 

of weight k — 2 and the raising operator R k takes automorphic forms of weight k to 

automorphic forms of weight k + 2. Moreover, these operators commute with the slash 

operator and they satisfy the following relations with the weighted Laplace operator 
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(2.2) R k A k = (A fc+2 - k)R k , 

(2.3) A k _ 2 L k = L k {A k + 2-k). 

We also define iterated versions of the raising and lowering operators 

R k = Rk+2(n-l) O ■ ■ ■ O R k+2 O R k , L k = L k _ 2 (n-1) ° ' " " L k _ 2 ° L k . 

For n = we set R k ] = LP k = id. 

Using (I2.2p and (12.31) we can show by induction that these operators commute with 
the weighted Laplacian. 

Lemma 2.2. We have 

A R k _ 2k = Rt 2k (A_ 2k -k{k + l)) 
A 3/2+k R k 3 % = R k £ (A 3/2 + k -{k + 1)) 

A T (fc+l)/2 _ j (fe+l)/2 ( a ^Ci._L 1^ 

Ai/ 2 -fcL 3/2 - L 3/2 I A 3/2 + -(/c + 1) I . 

We let i k = v k - 2 L k f(r) = R- k v k f(r). Then by Proposition 3.2 of [BF04] 

6 : # fc , P -> M 2 _ k - p 

and 

In [BF04J Bruinier and Funke define a bilinear pairing between the spaces M 2 _ k ^ 
and b ^ 

{#,/} = (s,£fc(/)) 2 -fc )P -> 

where (7 G M 2 „ fc / G -£^j~ p , and (•, •) denotes the Petersson scalar product. They 
obtain a duality result for g G M 2 _ fciP - and / G if^ p (see Proposition 3.5 of [BF04] ). 
This pairing extends to weakly holomorphic forms g G M 2 __ k p . 

Proposition 2.3. For f G H kp and g G M 2 _ kp we have 

heL'/L neQ 

Here a + (n, h) denotes the (n, h)-th coefficient of the holomorphic part of f and b(n, h) 
the (n, h)-th coefficient of g. 
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2.5. Poincare series and Whittaker functions. We recall some facts on Poincare 
series with exponential growth at the cusps following Section 2.6 of [BOJ. 

We let k G |Z, and M v ^{z) and W v ^{z) denote the usual Whittaker functions (see 
p. 190 of [XS84] i. For s G C and y G R >0 we put 

M s , k {y) = y~ k/2 M-^(y)- 

We let Tqo be the subgroup of T (N) generated by (q{). For k G Z, m G N, 
z = x + iy G EI and s G C with 9R(s) > 1, we define 

(2.4) F m (z, s, k) = 1 ^ [7W s , fc (4vrmy)e(-mx)] | fc 7. 

' S ' 76roo\r (Af) 

This Poincare series converges for 9fJ(s) > 1, and it is an eigenfunction of with 
eigenvalue s(l — s) + (k 2 — 2k)/A. Its specialization at so = 1 — k/2 is a harmonic MaaB 
form |Bru02[ Proposition 1.10]. The principal part at the cusp 00 is given by q~ m + C 
for some constant C G C. The principal parts at the other cusps are constant. 
The Poincare series behave nicely under the MaaB raising and lowering operator. 

Proposition 2.4 (Proposition 2.2, |BO] ). We have that 

R k F m (z, s, k) = 4vrm (^s + F m (z, s,k + 2). 

Similarly 
Proposition 2.5. We have that 

L k F m (z, s, k) = (^s - I J F m (z, s,k- 2). 

Proof. This is proven analogously to Proposition 2.2 in |BUj . Now we use equations 
(13.4.11) and (13.1.32) in [M84] . □ 

We now define C[L'/L]-valued analogs of these series. Let h G L'/L and m G 
Z — Q(h) be positive. For k G (Z — |) we let 

F m<h {T, s, k) = — — ^ [^ Sifc (47rmy)e(-mx)e /l ]| ; -, p 7, 

and for G (Z — |) we let 

Fm,h(i~, s, k) = - [A^ s ,fc(47rmy)e(-mx)e /i ]| fe p 7. 

76foo\f 

The series J- m) h{r,s,k) converges for 9ff(s) > 1 and it defines a weak MaaB form of 
weight k for V with representation p. The special value at s = 1 — k/2 is harmonic 
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|Bru02t Proposition 1.10]. For k E Z — ~ the principal part is given by q~ m th + 
q~ m t-h + C for some constant C G C[L' / L]. 

Remark. For k < these Poincare series series span the space [Bru02[ Proposition 
1.12]. 

Later we will also consider the PF-Whittaker function 

WsAy) = y~ k/2 w k /2,s-i/2(y), y>o. 

We compute its behavior under the MaaB raising and lowering operator. 
Proposition 2.6. For m > and y > we have that 

L k W S! k{^my)e(mx) = — ( s - | ) ( 1 - s - ~ J W Sjk - 2 (^my)e(mx) 



and 

RkWs,k(4:7imy)e(mx) = — 47rmW Si fc + 2(47rm?/)e(mx). 

Proof. For the first equation we use (13.1.33) and (13.4.23) and for the second one 
(13.1.33) and (13.4.26) in [M84j . □ 

3. Theta Functions 
3.1. The Kudla-Millson theta function. We let 

where R(\,z) := i(A,A(^)) 2 - (A, A) and Q = It is a Schwartz function 

constructed by Kudla and Millson [KM86J. From now on, if A = 1 we omit the index 
A and simply write (p^ M (\,z) . 

For 5 e V(A) we define a theta function Q s (r, z) for r, z e H as in |BF061 RE] . 

Let v?km(A, r, z) = e 27ri£ ^ A ) T </^ (KM (V^A, z) and 

0*(t,z,Pkm) = ^ ¥>km(A,t,z). 

AeAL+<5 

The vector valued theta series 

©25(A) (T, 2, V^KIvl) = @<5(T, ^, <^KM)e5 

<5e2>(A) 

is then a C°°-automorphic form of weight 3/2 which transforms with respect to the 
representation p& [BF06| . 

We obtain a C[D]- valued twisted theta function by setting 



0A,r(T, Z, (Pkm) '■= @A,r,h(T, Z, ^km)^j 



fte2? 



13 

where the corresponding components for h ET> are defined as 

ir(8)=rh 
Q A (S)=sgn(A)Q(h) (Z) 

By Proposition 12.11 the theta function Qa,t{t, z, v?km) is a non-holomorphic de- 
valued modular form of weight 3/2 for the representation p. Furthermore, it is a 
non-holomorphic automorphic form of weight for T (N) in the variable z G D. 

Following [BF06J we rewrite the Kudla-Millson kernel as a Poincare series using the 
smaller lattice K. We let e = 1, when A > 0, and e = i, when A < 0. The following 
proposition can be found in |Ehlj . 

Proposition 3.1. We have 



n r ^ N3/2 -V* 2 \- 

n=1 7eroo\r V 

exp ( -tt^-i^t- ) ^ 3/2 e (|A| Q(A)f - 2N\nx) e 



" ' 7eroo\r 

3/2.PK 



3.2. The Siegel theta function. We define the Siegel theta function by 

e A ,r(r, «, SPs) := « £ e- 2 ^ A ^)/l A le(Q A (A)r)c A . 
AeL' 

Here <£>s(-^ z ) = e -7r ( A ' A ) A > z is the Gaussian on V(R) associated to the majorant (-, -) z . 
The Siegel theta function is a Fo(iV)-invariant function in z and a non-holomorphic 
modular form of weight —1/2 for T with representation p. 

By d,8 we denote the usual differentials on D. We set d c = ^(d — 8), so that 
dd c = —^dd. The Kudla-Millson theta function and the Siegel theta function are 
related by the identity [BF04, Theorem 4.4] 

(3.1) £3/2,r@A,r(V, Z, V?KM) = -Af 6 A ,r(l~, Z i V^s) = T~ Ao,*©A,r(T, Z, tp S ) ■ Q. 

47T 

For the Kudla-Millson theta kernel we have |BO|. Equation (2.17)] 

(3.2) A 3 /2 jr O A ,r(T, Z, <£km) = -A ^©A,r(T, Z, </?Km)- 
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4. The Theta Lift 

Let / be a harmonic weak MaaB form in H^ 2k (N). Following Bruinier and Ono 
|BOj we define a theta lift as follows. For even k we let 

AX r (rJ) = R k 3 /2 2r ! (R k _ 2kjZ f)(z)e A , r (r,z,<p KM ) 

JM 

and for k odd 

JM 

We drop the index A, r if we consider the untwisted lift, and the superscript "e" 
respectively "o" in the case that the same proof works for even and odd k. We use a 
subscript h to denote the components of the lift. 

Note that the transformation properties of the twisted Kudla-Millson theta function 
directly imply that the lift transforms with representation p. 

Recall that 0(L'/L) can be identified with the group generated by the Atkin-Lehner 
involutions. It acts on harmonic MaaB forms by the slash operator and on C[L'/L]- 
valued modular forms with respect to the Weil representation p through the natural 
action on C[L'/L\. By a straightforward computation we see that the theta lift is 
equivariant with respect to the action of 0(L'/L) (compare [BOJ Proposition 3.1]). 

Proposition 4.1. For 7 E 0(L'/L) and h E L'/L, we have 

AA,r l7 ^, /) = Aa^O, /|_ 2fc 7 _1 )- 

Proposition 4.2. Let f be an eigenform of A_ 2 k,z with eigenvalue A. Then A A r (r, /) 
is an eigenform of £±\/2-k,T with eigenvalue \, and A Ar (r, /) is an eigenform of 
^3/2+fc,T with eigenvalue k. 

Proof. Using Lemma l2~2l we see that Ai/ 2 _fc jr A A r (r, /) equals 

L % T [ (Rt 2k J)(z)A 3/2tT Q A ^z^ KM ) + j(k + l)AXr(rJ). 

JM 4 

Via the relation between the two theta kernels (13. ip we obtain 

(4.1) \h% T JjR k _ 2k J)(z)A , z Q Air (r, z, <p KM ) + j(k + l)A° A>r (r, /). 

By the rapid decay of the Kudla-Millson theta function |Fun02[ Proposition 4.1] we 
may move the Laplacian. Using Lemma 12.21 we then obtain that (14. ip equals 

1 — f 

4 L 3/V ] M { R -2k,-A-2k,zf){z)®A,r{ T i Z i ^Km)- 

Since / is an eigenform with eigenvalue A this equals 4A A r (r, /). For even k we argue 
analogously. 

□ 
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We compute the lift of the Poincare series F m (z, s, —2k). 
Theorem 4.3. For k > we have 
A e A (r,F m {z,s,-2k)) 



V n J 



- S 13 

^lAi.-ar \ T '2 + 4'2 + 



n\m 

where 

2 2 S +2fc-l m 2fe+l 7T (3fc-l)/2 | A |(fc+l)/2 e T (f + 1) 



r i e 

~ WT 2 r(2s) 

fc-1 fc/2-l 

xij(«+j-*) n 

and 

s 1 1 



A^r, s, -2*)) = C° ■ V r^J 7 

z — ' \ n y 



2 i r, - + -,- — 

4JVri?" 



^|A],-fr V ' 2 4' 2 



n\m 

where 

r(f + 2 ) M M V2 2 J ) 



Proof. For the explicit evaluation of the lift of Poincare series we generalize the proof 
of Bruinier and Ono |BOj . Repeatedly applying Proposition 12 .41 implies (by induction) 

(4.2) / (R k _ 2k>z F m (z,s,-2k))e A , r (T,z,<p KU ) 

J M 

fc-1 „ 

= (4vrm) fc JJ(s + j - k) / F m (z, s, 0)e A ,r(r, z, <^km)- 

Using the definition of the Poincare series (12 ,4p and an unfolding argument we obtain 
1 h 1 f 

— — (47rm) fc TT(s + j - k) \ M s ,o{A^my)e{-mx)Q^ r {T 1 z, v?km)- 



r(2d, 



By Lemma 13.11 this equals 

fc-1 



_/V 3 / 2 e (47rm) fc 00 /A\ 

2|A| r(2s) H^ S + J ~ k ^{n) n2 S ^,5,771,71)13/2,^7, 
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where 

r f 1 lA w \ / Tin 2 Ny 2 \ 
I{T,s,m,n)= / / yM S fi{4:nmy)e(-mx)exp — 

J y =oJ x =o V \ A \ V J 

x v' 3/2 ^2 e (l A l W) f ~ 2NXnx) t rX dxdy. 
\eK' 

Identifying K' — Z f 1 ^"^ _i/2jv) we ^ nc ^ ^ na ^ 

e (|A| Q(X)f — 2NXnx) t r \ = ^ e ( — |A| _ nfor j e r b. 

Inserting this in the formula for I(r, s,m,n), and integrating over x, we see that 
I(t, s,m,n) vanishes whenever n f m and the only summand occurs for b = —m/n, 
when n \ m. Thus, J(r, s,m,n) equals 



rm/n- 



(4.3) v-^ 2 e (- |A| ■ j vM^my)&Q (~^f) dy c_ 

To evaluate the integral in (14. 3 j) note that (see for example (13.6.3) in |AS84j ) 
jM S)0 (47rmy) = 2 2s ~ 1 r + y/Anmy ■ I s _ 1/2 (2nmy). 



Substituting t = y 2 yields 

/") pirn I 

A v 



ttti 2 Ny 2 * 

yM S}Q (^7Tmy) exp ( r — r -_ ) dy 



= 2 2s - x r + jf yyjA-Kmy I a . 1/2 {2nmy) exp (- ^T ) 

= 2 2s - x r ^ + v ^F^ °t 1 / 4 / s _ 1/2 (27rmt 1 / 2 )exp ("^jv) 

The last integral is a Laplace transform and is computed in [EMOT54] (see (20) on 
p. 197). It equals 

r (f + 1 ) / s i firn 2 NY 3/4 fnm 2 \A\v\^ fnm 2 \A\v 
} <Txmy x exp \— !— Mas i ' 1 



+ ' Vl A lW V 2n2N J n 2 N 

Inserting this we obtain that 

'nm 2 |A| \ 3 ^ 2 



I(t, s, m, n) = 2 2s - x r f '? + 1 ) (vrm^ 2 



" ' " v 2 ' V v ' V n 2 iV 

x M s/2+ . • I „ 2V I ' I I c -— • 



/ 7rm 2 


A l 






( m 2 


A l 




V n 2 N ) 


V 4n 2 N J 
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Therefore, we have that ( 14. 2 j) equals 



AT 3 / 2 
(4.4) - m e 



1 °° /A\ 

— (4vrm) fc JJ(s+j-A;)^f-Jn 2 ^ J(r, a, m, n) 13/2,^7- 

' .7=0 n=l ^ ' <vef„\f 



2IAI T(2 

j=u n=i > ' 7 er 00 \r 

For = and even k equation ( 14. 4p can be rewritten as 
'A* 



^E 



n 



n=l 

x E 

7eroo\r 
A 



n 



Ms , 1 3 
2" r 4'2 



7rm 2 |A|f\ / m 2 |A|w 



n 2 N 



4n 2 N 



-rm/n 



7 



n=l 



72. 



_! / S 1 3 

" i^l A l--^ V'2 + 4'2 



where 



C7 = -2 2s+2fc - 1 m fc+1 ^-i/2y|ATg r (l + 1 ) JJ (s + j - fc). 

r(2s) i=o 



k/2 

If 7^ o we consider R 3 / 2 T of this expression. By the commutativity of the raising 
and the slash operator Proposition 12.41 implies 



r)k/2 -p 

71, /n m 2 



1, 3/2,t" 



4JVn 2 

fe/2-1 

X 



s 1 3 
1*1 -f' V T '2 + 4'2 



47T 



m 2 |A| \ fc/2 
4iVn 2 J 



s 1 , 3/2 + 2j 
2 + 4 



3=0 



. s 1 3 , 

3^l A l'-^V T '2 + 4'2 + ' ' 



We collect terms to obtain C e as in the statement of the theorem. 
For odd k we rewrite (I4.4p as follows 



x E 



7Groo\r 

oo 



M.s.,1 3 

2 ' 4 ' 2 



7T7B |A| 77 \ / 771 | A| 77 



n 2 N 



An 2 N 



-rm/n 



7 



3/2,p K 



^ \ 77 / 

n=l v 7 



where 



s 1 3 
mjM'-*'- V T '2 + 4'2 

2 2fc ~ s v ^A7e 



C : = v ■-■- m fc+l 7r fc+l/2 



r(f + |) 



fc-i 

j=0 
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A repeated application of the lowering operator (Lemma 12. 5p yields the statement in 
the Theorem. 

□ 

Corollary 4.4. Let N be square-free and k > 0. If f £ H^ 2k (N) is a harmonic Maafi 
form of weight —2k for T (N), then A^ r (r, /) belongs to ML 2+k ~ and A^ r (r, /) 
belongs to H^n-k p- 

Proof. Note that for / £ Hy2+kp w here k > 0, we have C3/2+fe(/) £ Si/2-kf>- Since 
dim(S' 1 y 2 _ fe ~) = for > 0, this implies that / £ M^ 2+J , ~. 

For odd k the proof is similar to the proof of |BO^ Corollary 3.4]: For m £ N>o 
the Poincare series span the subspace H^ 2 ^(N) of harmonic Maafi forms having only 
a pole at oo. By Theorem 14.31 we find that the image of H_^(N) is contained in 
My 2+k ~ for even k, and Hy 2 _ k ^ for odd k. Moreover, 

7 eO(L'/L) 

since the group 0(L'/L) of Atkin-Lehner involutions acts transitively on the cusps of 
r (A) for square-free N. Applying Proposition 14. II now implies the result. □ 

Remark. In the case k = one has to assume that the constant coefficient of the input 
function in Mq vanishes to guarantee that the lift is weakly holomorphic. Otherwise 
it is a harmonic Maafi form in H 3 / 2 ,p- This case was treated in detail in [B F06t lAEj . 

For a cusp form g = J2^=i a nQ n we let L(g, D, s) be its twisted L-function 

n=l ^ ' 



a n n s . 



We obtain a Kohnen-type theorem for the coefficients of the non-holomorphic part of 
the theta lift. 

Theorem 4.5. If k is odd, N is square-free, and f £ H^ 2k (N), then A^ r (r, /) is 
weakly holomorphic if and only if f is weakly holomorphic or if we have 

£(e_ 2fc (/),A,A: + l)=0. 

Proof. Here we partly follow the proof of Bruinier and Ono in [BOJ. Since 0(L'/L) 
acts transitively on the cusps, it suffices to consider the case when / has only a pole 
at oo. Again, we obtain the result for the entire space H+ 2k (N) by using Proposition 
14. 1 L For / £ H^ 2k < '(N) we denote the Fourier expansion of the holomorphic part at 
the cusp oo by 

f( z ) = $Z a f( m ) e ( mz )- 
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Then we can write / as a linear combination of Poincare series 

f(z) = a f (-m)F m {z, 1 + k, -2k). 

m>0 

By Theorem 14.31 the principal part of r (r, /) is given by 

m>0 n \m V ' V ' 

where C° is as in Theorem 14.31 

We now use well-known pairing between the spaces Hy 2 _ k ~ and S 3 / 2+k ~ ( see 
Section 12. 4p . To prove that the lift is weakly holomorphic we have to show that 
{■^■A,r( r ' f)-> d} = f° r ever y CUS P form g G S 3 , 2+k ~. Denoting the Fourier coefficients 
of g by b(n, h), we have 



rm/n 



{A° A , r (r, f),g} = 2C° £ a f (-m) £ n k b ( 



m 2 |A| m 



— r 



4Nn 2 ' n 



m>0 n \m 

= 2C°{f,S A , r (g)} = 2C°(^ 2k (f),S A , r (g)), 

where SA,r(g) £ £2*1+2 (Af) denotes the Shimura lift of g as in [Sko90aJ. If / is weakly 
holomorphic this expression vanishes, since £_2fc(/) = 0. 

If / G H* 2k (N)\M ] _ 2k (N), we have by the adjointness of the Shintani and Shimura 
lifting (see for example Section II. 3 of [G KZ87] . and |Sko90at ISko90b] for the case of 
skew-holomorphic Jacobi forms) 

where S A r denotes the Shintani lifting. This equals zero for all cusp forms g if and 
only if the Shintani lifting of £-2k{f) vanishes. We have that (in terms of Jacobi 
forms; for the definition of Jacobi forms and the definition of the cycle integral r see 
|C;KZ87| ) 

(4.5) S^tf-aC/)) = (2^) E ^NA^-AnN^rroA^kifWC - 

Tq <4nN 

Now by the Theorem and Corollary in Section II. 4 in [GKZ87] we have 



2 



x 2- 3k -\- 2 ^L(^ 2k (f), A, k + 1) • L(f_ 2fc (/), r 2 - 4niV, k + 1). 

Since r and n vary in ( 14. 5 p the Shintani lift S Ar (^ 2 k(f)) vanishes if and only if 
L(£_ 2 fc(/), A, fc + 1) vanishes. □ 
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Now we turn to the computation of the Fourier coefficients of positive index of the 
holomorphic part of the theta lift. 

Let h G L'/L and m G Q>o with m = sgn(A)Q(h) (Z). We define a twisted 
Heegner divisor on M by 

z A , r ( m ,h)= ^mr z ^- 



\er (N)\L rhi 



m| A| 



A 



Here T\ denotes the stabilizer of A in T (N). 

Let / be a harmonic weak Maafi form of weight —2k in Hq(N). We put Of := 
R k _ 2k f(z). Then the twisted modular trace function is defined as follows 

(4.6) t A>r (f;m,h) = £ df{z)= £ *^L df{Dx) . 

Theorem 4.6. We let f G H+ 2k (N), h G anc ^ let m e ( Q>o m = 

sgn(A)Q(/i) (Z). VFe obtain the following results: 

(1) The (m, h)-th Fourier coefficient of the holomorphic part of A^ r (r, /) equals 

(-A7cm) k/2 t A) r(/; m , 

(2) T/ie (m, Fourier coefficient of the holomorphic part of A Ar (r, /) equals 

t i V* +1)/2 "t^ /! A ^ f * + „ ^ 

Remark. For the case /c = see Theorem 4.5 in [BF06J for the results on the untwisted 
trace and Theorem 5.5 in [AEJ for the twisted trace. 

Proof. To ease notation we prove the results when A = 1. Using the arguments of 
the proof of Theorem 5.5 in |AE] it is straightforward to deduce the general result. 
We first consider the Fourier expansion of J M df(z)Q(r, z, v?km), namely 



2miriT 



(4-7) EE E / df(z)^ KM (^X,z))e 

We denote the (m, h)-th coefficient of the holomorphic part of (14. 7p by C(m, h). 

Using the usual unfolding argument and then an argument of Katok and Sarnak 
|KS93j we find similarly as in the proof of Theorem 3.6 in |BUj 

(4.8) C(m,h)= £ ^d/(B A )y A (v^H, 



AeL 



771 . h 
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where A = —k(k + 1) and 

r°° a 2 - a" 2 da 

(4.9) Y x (t) = An / ^(taiarWii), i> A (a(a)) 

Here co(a(a)) is the standard spherical function of eigenvalue A and a(a) = (jM. 
Note that u{a{a)) = oj ^— y— -V Substituting a = e r//2 we obtain that H4.9[) equals 

2tt jf ^4t 2 cosh(r) 2 - -Lj w Q (cosh(r)) sinh(r) e - 4 "* 2 sinh(r)2 cir. 

In this case the standard spherical function is given by the Legendre polynomial 
Pk( x ) — Wk\^k{ x2 ~ |Iwa02[ Chapter 1]. By substituting x = sinh(r) 2 we obtain 

poo -I l*CO 1 

(4.10) 47rt 2 / VTT^P k (Vl + x~)e- 4nt2x dx - - / P k (^Tx)e-^ x dx. 

Jo 2i v^T^ 

To evaluate the first integral in (14. 10p we use the following recursion formula for 
the Legendre polynomial (see for example equation (8.5.3) in [AS 8 4]) 

vTT^P fc (vTT^) = ((* + i)P k+ i(VTT^) + fcP fc _i(vTT^)) . 

Thus, we are left with 

(4-11) Ant 2 J™ (^±P k+l (VTT^) + ^Y^-i(^l+^)) e^dr, 

which is a Laplace transform computed in [EMOT54J (see equation (7) on page 180). 
It equals 

(4.12) (4vrt 2 )- 1 / 4 e 2 ^ 2 (^^W 1/A ^ + y A {Ant 2 ) + ^^i/W-i/^* 2 )) . 

The second integral in ( 14. 10[) can be evaluated in the same way (see equation (8) 
on page 180 of |EMOT54j ) and equals 

(4.13) - ^(4vrt 2 )- 3 / 4 e 2 ^H/_ 1/4ifc/2+1/4 (47rt 2 ). 

Using (13.1.33), (13.4.17), and (13.4.20) in jXS84] it is not hard to show that the 
sum of the expressions in (14. 12|) and (14.131) is equal to 

e 2 ^>V fc/2+ 3/4,3/2(47rt 2 ). 

Thus, C (m, h) is given by 

C(m,h) = T^^( D A)e 2 ™W fe/2+3 /4,3/2(4™). 



xeL 
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We now have to apply the iterated raising respectively lowering operator to the 
Fourier expansion in ( 14. 7p . which boils down to evaluating it on 

q m e 27rmv W k/2 +3/4,3/2(^mv) = W k/2+3/4 , 3/2 (4irmv)e(mx). 



By Proposition 12.61 we obtain 

? k/2 

3/2,t 



^3/2 r (Wfc/2+3/4,3/2(47rmt;)e(mx)) 



-47tm) k / 2 W k/2+3 /4,3/2+k(^mv)e(mx) = (-4vrm) fc / 2 g m , 



since W vll {y) = y k / 2 e - y / 2 for y > 0, and v = fc/2, /i = fc/2/ - 1/2 [MM Chapter 
13]. 

For the lowering operator a repeated application of Proposition 12.61 yields 

^3/2,r (Wfc/2+3/4,3/2(47rrm;)e(mx)) 

/ l X (fe+l)/2 (fc_^)/2 \ / k+1 , 

= {a^) II U + J j [ j - — ) W ^ + 3/M/2- fc (4™). 



Again the Whittaker function simplifies, namely Wfc/2+3/4,i/2-fc(47rmt>) = e 27rrm ' ) 
which implies the desired statement. 

□ 

5. Orthogonality to cusp forms 

In this section we show that A^ r (r, /) G My 2 ~ is orthogonal to cusp forms with 
respect to the regularized Petersson inner product. Recall that for g G S 3 / 2+k ,p we 
have 

{^Mf\g{r)Y^ +krp = lim / (A^ r (r, /), g{r))v^ +k dp{r\ 

where J-'t denotes the truncated fundamental domain J-" t = {r G EI; Q'(t) < t}. 
Theorem 5.1. For A e A r {r, f) G M\ /2+k ~, wh ere k > 0, and g G S 3 / 2+k ^ we have 

(U/).jM)w =0 - 

Since £fc(-F) is a cusp form for a harmonic MaaB form F, Theorem 15.11 together 
with Proposition 12.31 directly implies 

Corollary 5.2. We let F be a harmonic weak Maafi form of weight k transforming 
with representation p. Here k = 3/2 + k, if k is odd, and k = 1/2 — k, if k is even. We 
denote the (m,h)-th Fourier coefficient of the holomorphic part by cp(m, h). More- 
over, let f G M'_ 2k (N), such that A^ r (r, /) is weakly holomorphic and transforms 
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with representation p. We denote the Fourier coefficients of the principal part by 
a\(m,h). Then we have 

$Z ($(-m,h)t Atr (f;m,h) 

h&L'/L m>0 

m=sgn(A)Q(h) (Z) 

= - J2 J2 4(N\A\m 2 ,h)al(-N\A\n 2 ,h). 

heL'/L m>0 

-Af|A|m 2 =sgn(A)Q(h) (Z) 



Proof of Theorem 15.11 To ease notation we prove the theorem in the untwisted case. 
Since the twisted lift is essentially a linear combination of untwisted ones the argu- 
ments carry over directly (see the proof of |AE| Theorem 5.5]). 

Using the dominated convergence theorem it is tedious but straightforward to show 
that interchanging the integration with respect to z and r is allowed. That is 



lim / (A e Air (T,f),g(r))v^ k dp(T) 

= lim f (J$ 2 f (R k _ 2k J)(z)Q A Ar,z,cp KM ),g(r)) 

= / (R~2k,zf)(z) lim / ( J R3 / / 2 T @A,r(r,2;,^KM),^(r)). 

JM t ~*' 00 J Ft 

We now consider the cases k = and k > separately. We first show that for 
k > 

lim / (Rl / / 2 2 e(T,z^ KM ),g(r))v^ 2+k d l i(T)=0. 
Following the proof of [BOR09, Theorem 4.1] we let 



H :=v k - l l 2 Rlf- T l Q(T,z^ KM ) 



and 

h — r, 

3/2,r 



h := i^g T 9(r, z, ^km) = v- k - 3 / 2 L 1/2 _ ktT H. 



Note that T 1 @( r ) z i V^km) is only defined for k > 0. We obtain 
" (i# 2 2 r 6(r, s, <p KM ),g(T))vV 2+k dfi(T) 



'3/2, 

7i 



/ (^ 3 / 2 L 1/2 _ fe , r tf , ^(r))^/ 2+fc d/i(r). 
./-Ft 
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We have that 



(v- k -^L 1/2 _ k , T H,g(T)y^ k d^T) = (2 iV ^H,g(r)) dn!lr 



OT V 



2 



(5.1) =-^H(T),g(T))drdT. 
By the holomorphicity of g we obtain that (15. ip equals 



-(—H(T),g(T))dTdT=-d((H(T),g(T))dT) = -d((H(T),g(T))<Pr) . 

We now apply Stoke's Theorem. Since the integrand is SL 2 (Z)-invariant the equiv- 
alent pieces of the boundary of the fundamental domain cancel and we obtain 

(i2$ iT e(r, z, VKM ),g(r)}v 3 / 2+k d^T) 

Ft 

= ~ [ (v^R^eir, z, VKM ),g(r))dr 

rl/2 

(5.2) = V / t^R^ehiu + it^^K^ghiu + i^du. 

,777, r J -1/2 



heL'/L ' 



Plugging in the Fourier expansions of the two series and carrying out the integration 
over u we see that (I5.2p equals 



t k - 1/2 ^2b{n,h)a{n,h)e 

h&L'/L n=l 



Annt 



where b(n, h) and a(n, h) denote the Fourier coefficients of and R^jl^Oh- Here, the 
main contribution comes from the exponential terms, implying that the limits tends 
to as t — > oo. 

For k = we use an argument for harmonic forms on Riemann surfaces to show 
that 



t— >co 



lim / e h {T,z,(p KM )g h (T)v 3/2 dn{r) = 0, 



where we consider the components separately now. 

We first show that Ao )2 annihilates this expression. Since the the partial derivatives 
^2 and Jj^ of fj- t 9h(r, z, ^KM)9h{ r ) v d^{ r ) converge locally uniformly in z as t — > 
oo, we can interchange differentiating and taking the limit. 
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Recall that we have A 3 / 2i ,-0(t, z, <^km) = |A 0iZ O(t, z, v?km) by (13.21) . which implies 
A ,.A(t, z, <p KM ) gh{r)v 3/2 dfi(T) 



T t 



Tt 



A 3 / 2i -A(t, z, ifiKM)gh{r)v 3/2 dfj 1 {T). 



By Lemma 4.3 of |Bru02] we find 



T 



A 3 /2,r6 l /i(r, z, ipKM)gh(r)v 3/2 dii(T) 



(5.3) 
(5.4) 
(5.5) 



T t 



6 h {T, z, v?KM)A 3 / 2 , T ^(r)t; 3/2 c?/x(r) 



+ 



1/2 

1/2 
1/2 

-1/2 



9 h (T, Z, V5KM)-^3/2,r5 , h(T")w 3/2 



v=t 



3/2 



du 
du. 



J u=t 



The holomorphicity of g implies that the integrals in (15. 3p and (15. 4p vanish. When 
plugging in the Fourier expansions of guiu + it) and L 3 /2, r 0ft(w + 2, V^km) and 
integrating over w we see that the resulting expression is exponentially decaying as 
t — > oo, which then implies 



t— >oo 



A *lim / 6 h {r,z,ip K ^g h {r)v z,2 dn{', 



0. 



T 



Writing lim^oo J^. ^(r, 2, {p KM )g h (T)v 3 ' 2 dfi(r) = h(z)dfj,(z) for a smooth function 
on M, we have A QjZ h(z) = 0. By the square-exponential decay of the Kudla-Millson 
theta function |Fun02t Proposition 4.1] A 0jZ h(z) = implies that h(z) is constant 
|Bru02[ Corollary 4.22]. So it remains to show that this constant is zero. This follows 
from the following: For z G EI and at as in Section |2] we have 

(5.6) lim h(<j£z) = 0. 

y— hoc 

For simplicity, we only consider the cusp I = oo. A careful analysis yields that we 
can interchange the limit processes with respect to t and y. The square exponential 
decay of 9h(r, z, </?km) implies that lim^oo 9h(t, z, v?km) = 0. Therefore, lim^oo h(y) 
vanishes. 

□ 



6. Singular Moduli 

Using Bruinier's and Ono's results |BO|. Section 4] we show that the singular moduli 
?> k D k {^) k R k _ 2k f(aQ) are algebraic integers. We first fix notation. We let — D < be 
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a discriminant and r 6 Z such that r 2 = —D (mod AN). By Qo,r,N we denote the 
set of positive definite integral binary quadratic forms [a, b, c] of discriminant —D 
with N\a and b = r (mod 2N). Then we let cxq = z^+xER b e the Heegner point 
corresponding to Q G Qd,t,n- We write Or, for the order of discriminant — D in 
Q(v /Z ^). 

Theorem 6.1. Let N be a square-free integer and let D > be coprime to 2N and 
r G Z TOi/i r 2 = — Z) (mod 4iV). Assume that f G Mi 2k (N) has integral coefficients 
at all cusps. If Q G Qd,t,n is primitive, then 3 k D k (^) k Bf_ 2k f \olq) is an algebraic 
integer in the ring class field for the order Op C Q(— \/~D). 

Proof. The theorem follows from combining work of Miller and Pixton and of Bruinier 
and Ono. In |MP10t Proposition 3.1] Miller and Pixton show the algebraicity of the 
singular moduli R k _ 2 kf an d the obvious generalization of |B0 4 Lemma 4.7] yields the 
bound on the denominators. □ 

Remark. By classical results on singular moduli (the results that are relevant for us are 
summarized in |BO|. Theorem 4.1]) it follows that the multiset of values R k _ 2k f(aq) 
is a union of Galois orbits. 

Remark. Using work of Larson and Rolen |LR] one might be able to drop the 3 fc . 

7. Examples 

Here we prove the formulas for the coefficients of t](t)~ 25 and Ramanujan's mock 
theta function f(q) that were presented in the introduction. 

7.1. Powers of the Dedekind ^-function. We let 

G 25 (r):= Xi2(r) V (r)- 2 h r . 

r£Z/12Z 

Moreover, we define 

F = -F 5 (; 14, -26) + F B {; 14, -26)|Wf 

+ F 5 (-, 14, -26)|iy 3 6 - F 5 (-, 14, -26)|H/ 6 6 

and 

F = (25 + 5 13 ) 14, -26) - 14, -26)\W^ 

—Fi(-, 14, -26)|H/ 3 6 + F 1 (-, 14, -26)\W«) . 

Here we write Wq for the corresponding Atkin-Lehner involution (see for example 
|Kna92| Chapter IX. 7] for a definition). 
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Corollary 7.1. For n > the coefficient of index f ^r 1 , l) of G25 is given by 
185725 / 1 



4429185024vr 13 V 24n - 1 



. , 24n - 1 \ / ~ 24n - 1 
x t IF: ——, 1 + 1 F: 1 



24 ' J \ '24 

Proof. Using the transformation properties of the Dedekind ^-function one easily sees 
that G25 e Mi 25/2 p . The principal part of G 25 (r) is equal to (<T 25/24 + 25<T 1/24 )(ei - 
£5 - e 7 + en). 

For the lift ^A°(r, F) of the Poincare series F we obtain (where C° is as in Theorem 



V- 13-r- ( 29 25\ 12 , / 29 25 \ lTrr6 

-E n ^ T 'i -?r E n ^ T 'i -? ^ 

* ' 24n 2 ' n \ 4 2 / Z ' 24n 2 ' n \ 4 LI 

n|5 V 7 n|5 V 7 

is-r- / 29 25\ lTrrfi / 29 25\ 

+ > n 13 ^ 25 5 I T, — — , W?-> n 13 ^ 25 5 I t, — — , )\W, 

^ 24^'n \^ ' 4 ' 2 / 3 ^ \ 4 2 / f 



n|5 n|5 

This has principal part 2(g~ 25//24 — 5 13 g~ 1 / 24 )(ei — e 5 — e 7 + en). 
The lift 7^A°(r, F) of F is given by 



r f 29 25 \ lTrrfi ^ / 29 25 \ ,„, fi \ 

This has principal part 2(25 + 5 13 )g _1 ' 24 (ei — t 5 — t 7 + en). Then the sum 

2^(a o (t,F)+A°(t,F)) 
has principal part (g -25 / 24 + 25g~ 1//24 )(ei — e 5 — e 7 + en). Thus, 

G25(r) = 7i ^(A (r,F)+A (r,F)), 
which implies the formula in the corollary. 



□ 



Remark. More generally, one can deduce formulas for the coefficients of f](r) *, where 
i = l (mod 24). Here we let 

G 4 (r):= £ Xi 2 (rMT)-V 

r£Z/12Z 

Then, similarly as above, one has to construct a linear combination of twisted lifts of 
Poincare series whose lift has the same principal part as Gj(r). 
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7.2. A formula for the coefficients of f(q). We consider Ramanujan's mock theta 
function 

oo n 2 oo 

^ (1 + g) (1 + g 2 ) ■■■{l + q n ) ^ 
We let A < be a fundamental discriminant with A = 1 (mod 24). We define 

1 E 4 (^)+4E 4 (2^)-9£ 4 (3^)-36E 4 (6z) , _ 
1 J 40 r7(2) 2 r7(2z) 2 r/(3z) 2 r](62) 2 y y 

which is a weakly holomorphic modular form of weight for r (6). 

Corollary 7.2. We have 

|A| + 1\ 1 



^(t Ail (F;l,l)-t A)1 (F;l,5) 
^4 / 8zy|A| 

+ t A ,i(F;l,7)-t A ,i(F;l,ll)). 

Remark. These formulas were checked numerically by Stephan Ehlen. 

Proof. Here we employ the duality results between weight 1/2 and 3/2. Note that 
q~ 1 ^ 24 f(q) can be realized as the component of the holomorphic part of a vector valued 
harmonic MaaB form H of weight 1/2 with representation p [BOlOt Lemma 81]. More 
precisely, 

H = (0, h , h 2 -h, 0, -hi - h 2 , -ho, 0, h , h + h 2 , 0, hi - h 2 , -h ) T , 

where the holomorphic part of ho is q~ 1 ^ 2i f(q) and the holomorphic parts of hi and 
h 2 are given by Ramanujan's mock theta function u(q). The non-holomorphic parts 
are given by certain unary theta series [BO10, Section 8.2]. 

The principal part of H is given by q~ l ^ 2A {ti — + tj — en). In terms of Poincare 
series we have 

F(z) = Fi{z, 1, 0) + Fi{z, 1, 0)|iy 2 6 - Fi{z, 1, 0)|W 3 6 - F x {z, 1, 0)|PV 6 6 , 

where = means up to addition of a constant. 

By Theorem 5.5 and Theorem 5.6 of [AE] we see that A A 1 (r, F) is a weakly holo- 
morphic modular form. Note that the non-holomorphic part vanishes since 6 is square- 
free and for A < we have Xa( — A) = — x A (A). To determine the principal part of 
A A 1 (r, F) we compute the lift of the Poincare series. Note that the lift of a constant 
vanishes. 

By Theorem 14.31 the function F(z) lifts to a vector valued Poincare series having 
principal part 

2i | A |l/2 ? -|A|/24 (ci _ e5 + C7 _ eu) _ 
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Therefore, by Proposition 12.31 we obtain that {A^ x (r, F),H} = 0, which implies 

c+ (-1, l)t A)1 (F; 1, 1) + c+(-l, 5)t A) i(F; 1, 5) 

+ c+(-l, 7)t Ail (F; 1, 7) + c+ (-1, ll)t A)1 (F; 1, 11) 

= -2i v^A| f c + f 1 V 1 + c+ fl^l, 5) ■ (-1) 



x 24 ' J n V 24 

+4 7) .1 + 4(^,11) ■(-!) 

Since we can identify the coefficients in the different components of H we obtain 
the formula in the corollary. 

□ 

Remark. For A = r 2 (mod 24), where r = 5, 7, 11 (mod 12), we consider 

1 £ 4 (s) ± 4E 4 (2*) ± 9E 4 (3*) ± 36E 4 (6z) _ _ x 
[) 40 77 (2) 2 7?(22) 2 r/ (3^)277(6,2) 2 g + 

and have to arrange the ±'s in such a way that we obtain (up to a constant) 
g-l A l/ 24 ( ei _ e5 _|_ e? _ eil ) as the principal part of the lift. 
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